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Abstract
We present techniques to construct tangential homotopies of subsets of foliated manifolds and use these
to obtain bounds and explicit computations for the tangential Lusternik–Schnirelmann category of foliations.
For example, we show that this number is not greater than the dimension of the foliation, that it is an upper
semi-continuous function on the space of p-dimensional foliations of a given manifold, and that it is equal
to the dimension of the foliation for all codimension 1 foliations without holonomy on compact nilmanifolds.
? 2002 Elsevier Science Ltd. All rights reserved.
0. Introduction
A foliated manifold (M;F) is a manifold M with a foliation F. If no di2erentiability class is
speci3ed, the foliation is only assumed to be C0. A homotopy H :M × I → N between foliated
manifolds (M;F) and (N;G) is called a tangential homotopy if for every leaf L of F the set
H (L× I) is contained in a leaf of G.
If U is open in M , we denote by F|U the foliation of U induced by F. A tangential homotopy
H :U × I → M is called a tangential contraction of U in M if H0 = H (:; 0) is the inclusion of
U and if H1 maps every leaf of F|U (that is, every connected component of L ∩ U where L is a
leaf of F) to a point. An open subset U of M which is tangentially contractible in M will also be
called tangentially categorical or F-categorical according to circumstances.
The tangential category catF or cat (M;F) is one less than the smallest number of F-categorical
open sets required to cover M .
The concept of tangential (Lusternik–Schnirelmann) category is due to Hellen Colman Vale who
introduced it together with the concepts of transverse and saturated transverse category in her 1998
thesis, [1–3], but limiting her study to C∞-foliations and considering C∞-tangential homotopies
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in her de3nition of categorical sets. She showed that the usual Lusternik–Schnirelmann category of
every leaf and the cuplength of H ∗(F), the tangential cohomology of F using C∞-forms, are lower
bounds for catF.
The purpose of this paper is to provide technical tools to construct tangential homotopies and use
these to obtain new bounds and explicit computations for catF.
To avoid unnecessary interruptions when presenting our results, we 3rst introduce the general
setting and some notations used throughout the paper.
All our manifolds M will be smooth and smoothly embedded as closed subsets of RN . The
Euclidean norm on RN will be denoted by | : |.
For r¿ 0 we let Frp(M) be the space of C
r+1-foliations of dimension p on the manifold M with
the 3ne Cr-topology on the plane 3elds tangent to the foliation. Explicitly, we identify each element
of Frp(M) with its tangent p-3eld. Thus, an element of F
r
p(M) determines a C
r-map f :M → RN 2 by
identifying a p-dimensional subspace P of RN with the orthogonal projection RN → P. Then Frp(M)
is given the subspace topology of Cr(M;RN 2) where the last space carries the 3ne Cr-topology. In
most cases, we require r¿ 1.
Our main results are:
0.1. catF6 dimF for C2-foliations on closed manifolds (Theorem 5.2).
In particular, catF=1 if dimF=1 and if M is closed. This was an open problem even for the
Hopf 3bration of S3.
0.2. For closed M and r¿ 1; the map cat : Frp(M) → N is upper semicontinuous; i.e. every
F∈Frp(M) has a neighborhood V in Frp(M) such that catG6 catF for every G∈V (Theorem
6.1).
These results are used in proving
0.3. Let G be a simply connected solvable n-dimensional Lie group and  a lattice in G such that
G= is compact and Ad(G) is contained in the algebraic closure of Ad(). (The last condition is
always ful7lled if G is nilpotent.) If F is a C2-foliation of M = G= of codimension 1 without
holonomy then catF= n− 1 (Theorem 7.1).
0.4. Let F be a C2-foliation of codimension 1 on the closed n-manifold M and let n¿ 3. Then
catF= 1 if and only if the leaves of F are the 7bers of a homotopy-(n− 1)-sphere bundle over
S1 (Theorem 7.2).
In the course of the proof of 0.2 we also establish
0.5. A continuous tangential contraction of an open set can be approximated on a slightly smaller
open set by a Cr−1 tangential contraction if F is of class Cr (Theorem 4.1).
The last result makes Colman’s lower bound given by the cuplength of foliated cohomology also
a lower bound for catF as de3ned by us, at least for compact manifolds. In Example 4.5 we give
a 3rst example where this lower bound is employed in a non-trivial way.
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In Section 4, we also indicate how 0.5 can be used to de3ne tangential category for (not necessarily
integrable) p-3elds, and give an example (Example 4.7), where this category di2ers from catF for
the plane 3eld of any p-dimensional foliation F on the given manifold.
In the 3rst section, we give two further lower bounds which can be obtained without the techniques
introduced later:
0.6. Let F be a foliation of codimension q on the manifold M . Then the cuplength of elements of
degree ¿q in H ∗(M ;R) is a lower bound for catF. Here R is any commutative ring (Theorem
1.7).
0.7. Let F be a C1-foliation on a closed manifold M with dimF¿ 2. If 1(L) =1 for at least
one leaf L then catF¿ 2 (Proposition 1.4).
The result 0.7 is an easy consequence of the fact that F-categorical sets should be viewed as
open sets where the induced foliation shows no dynamics; in fact, the leaf space of an F-categorical
set is a (non-Hausdor2) manifold of dimension equal to codim F (Lemma 1.1).
Here is a short description of the other sections.
Section 2 establishes notations and properties of local parametrizations for entire neighborhoods
in the space of foliations Frp(M).
In Section 3, we derive a result which we call a global tubular neighborhood theorem for a foliated
manifold in RN . This allows to push homotopies constructed in RN back onto the leaves where they
started from in order to obtain tangential homotopies. With a view to Section 6, this has to be done
simultaneously for entire neighborhoods in the space of foliations.
Unions of compact manifolds (which may intersect in whichever way they want) transverse to F
admit a neighborhood which is tangentially categorical. This is proved in Section 5; result 0.1 is an
easy consequence.
Section 7 is devoted to applications 0.3 and 0.4 of our main results together with a further
application concerning the calculation of tangential categories of suspension foliations.
Almost by de3nition, tangential category is an invariant of tangential homotopy-type of foliations.
As such it is an interesting invariant for foliations. Also 3rst examples show its relationship to
critical points of functions on the ambient manifold restricted to the leaves. Here, guided by [13],
one does not simply count critical points (there tend to be in3nitely many on non-closed leaves
inside closed manifolds) but rather families of critical points which spread in a transverse fashion.
1. Easy lower estimates
We begin with a lemma about the dynamical structure of an F-categorical set as a foliated
manifold.
1.1. Lemma. Let U ⊆ M be an F-categorical open set for a Cr-foliation F of M; r¿ 0. Let
x∈U and D ⊆ U be a transverse manifold of dimension n− p= codimF with x∈ int D.
Then there exists a neighborhood E of x in D such that each leaf of F|U intersects E in at
most one point. In particular, the leaf space of F|U is an (n − p)-manifold (which might not
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be Hausdor9), and if F :U × I → M is a tangentially contracting Cr-homotopy then F(U; 1) is
contained in a countable union of Cr-embedded (n− p)-manifolds transverse to F.
Proof. Let F :U × I → M be a tangential Cr-contraction of U; let y= F(x; 1) and let  :V ≈→Rp ×
Rn−p be a foliation chart of F with  (y)=(0; 0). We identify V with Rp×Rn−p via  . Let E be a
neighborhood of x in D such that F(E; 1) ⊆ V and such that the holonomy map k :E → {0}×Rn−p
of the leaf Lx of F through x along the path t → F(x; t); 06 t6 1; is de3ned. Then; after shrinking
E possibly further; for a∈E the projection of F(a; 1)∈V = Rp × Rn−p onto {0} × Rn−p is equal
to k(a). The lemma follows from the fact that k is an embedding and that for each leaf G of F|U
the set F(G; 1) is a single point.
1.2. Remark. The lemma shows that one should view F-categorical sets as subsets of the foliated
manifold without any dynamics; and with leaves that contract in the leaf of the ambient foliation in
which they lie. The dynamics of the foliation and the non-trivial topology of the global leaves is
a result of glueing several of these sets together; and cat(F) tells us how many of these sets are
needed. In Section 5; we will see that for a one-dimensional foliation two sets will suGce to cover
the manifold and produce all of the (sometimes very complicated) dynamics.
The 3rst lower bound for cat F that we describe is due to Hellen Colman Vale [1, ProposiciHon
4.10].
1.3. Proposition. For any leaf L of a C0-foliation F we have cat L6 catF; where cat L is the
usual Lusternik–Schnirelmann category of L.
The proof is easy, but not totally obvious because the topology of L as a leaf does not coincide
with the topology of L as a subspace of the ambient manifold M . One has to make use of the easy
fact that a map f :X → L from a locally connected space X into L which is continuous as a map
from X to M is continuous as a map from X to L (images of small neighborhoods of points in X
are contained in plaques of foliation charts).
The next proposition shows the e2ect of the topology of the ambient manifold. In its proof we use
two standard facts from the theory of LS category (cf. [9]): The fundamental group of a CW-complex
X with cat X = 1 is a free group; and, as a consequence, a closed manifold X with cat X = 1 is a
homotopy sphere. Although there are many examples of open n-manifolds L with n¿ 1, cat L = 1
and 1(L) =0, we have
1.4. Proposition. Let F be a C1-foliation of a compact manifold M . If M has boundary; we
require @M to be a union of leaves. Let catF6 1 and dimF¿ 2. Then every leaf of F is
simply connected. In particular; F has no holonomy.
Remark. A foliation F with dimF¿ 0 on a compact manifold has catF¿ 1. (For if cat F= 0;
every leaf has to be closed by Lemma 1.1 and therefore has category at least 1; contradicting
Proposition 1.3.) Thus; the hypotheses of Proposition 1.4 imply that cat F= 1.
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Proof of Proposition 1.4. Let M = U ∪ V with U and V F-categorical sets. We may assume that
U and V are the interiors of compact submanifolds IU und IV both contained in open F-categorical
sets with @ IU and @ IV in general position with regard to F.
Let L be a leaf of F. By Proposition 1.3 we have cat(L)6 1. If L is closed then L is a homotopy
sphere, and since dim L¿ 2 we have 1(L) = 1.
If L is not compact denote by Uj; j∈ J , and Vk; k ∈K , the components of L ∩ IU and L ∩ IV .
Clearly, each Uj and Vk is compact in the leaf topology of L and both {Uj | j∈ J} and {Vk | k ∈K}
are locally 3nite. Therefore, for each j∈ J we 3nd a compact connected submanifold Aj of L with
Uj ⊆ int Aj which is contractible in L. Furthermore, we may assume that Ai ∩ Aj = ∅ for i = j, and
that {Aj | j∈ J} is locally 3nite.
If 1(L) =1 then 1(L) is a non-trivial free group since cat(L)6 1. Therefore, H1(L) =0, and we
3nd directed C1-embedded simple closed curves w in L transverse to @A:=
⋃
j∈J @Aj and representing
non-zero elements of H1(L). Let w be one of them with the least number of intersection points with
@A. Since each Vk is contractible in L there exists j0 ∈ J and x∈ int Aj0 with x∈w. Since Aj0 is
contractible in L there must be a 3rst point y after x where w exits from Aj0 . Let C be the
component of @Aj0 containing y. Since dim L¿ 2 and C is contractible in L the complement of C
in L consists of two components, one of which contains int Aj0 . Therefore, the point of 3rst return
of w to Aj0 , and return it must, is again a point of C. Since C is connected, we may represent the
homology class containing w by a sum of two disjoint C1-embedded simple closed curves whose
union intersets @A in two fewer points than w. Since one of these curves must represent a non-zero
class we obtain a contradiction to the minimality of w.
Using Sacksteder’s theorem [12] we obtain the following corollary which we will use in Section 7
to completely characterize C2-foliations F of codimension 1 on compact manifolds with catF6 1.
1.5. Corollary. Let F be a C2-foliation of codimension 1 on a compact manifold M with @M
a union of leaves; dimF¿ 2; and catF6 1. Then F is topologically conjugate to a foliation
de7ned by a closed non-singular 1-form and with all leaves simply connected.
Our next result gives a lower bound for catF in terms of the cuplength of elements of degree
greater than codim F in the singular cohomology of the ambient manifold. So this applies to all
foliations of the given codimension.
We 3rst prove:
1.6. Proposition. Let U be an F-categorical open set of a C0-foliation F of codimension n− p
on an n-manifold M . Then for any i¿n − p and any coe=cient module A the restriction map
q∗ :Hi(M ;A)→ Hi(U ;A) is the zero-map in singular cohomology.
Proof. Let Ft :U → M; t ∈ [0; 1]; be a tangential contraction of U . By Lemma 1.1, the set F1(U )
is a countable union of sets which are homeomorphic to (n− p)-dimensional cubes. Therefore; the
covering dimension of V = F1(U ) is equal to n − p [8; Theorem III.2]. Since F0 = q we have in
KCech cohomology
Kq∗ = KF∗1 : KH
i
(M ;A)→ KHi(U ;A);
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and KF
∗
1 factors through KH
i
(V ;A) which vanishes for i¿n−p. Since M;U are manifolds; KCech and
singular cohomology agree for these spaces.
1.7. Theorem. Let F be a C0-foliation of dimension p on the n-manifold M . Fix a commutative
ring R. If there exist elements x1; : : : ; xt of H ∗(M ;R) of degree greater than n − p such that
x1 · · · xt =0; then catF¿ t (i.e. M cannot be covered by t tangentially categorical sets).
The proof is standard: Assume that M is covered by the F-categorical open sets U1; : : : ; Ut . Then
for each j = 1; : : : ; t there exists zj ∈H ∗(M;Uj;R) which maps under restriction to xj ∈H ∗(M ;R).
Then z1 · · · zt ∈H ∗(M;U1∪· · ·∪Ut;R) maps to x1 · · · xt . But U1∪· · ·∪Ut =M , and thus H ∗(M;U1∪
· · · ∪ Ut;R) = 0.
As immediate corollaries we obtain (among others):
1.8. Let M 2k be a closed connected manifold such that some non-zero multiple of the cohomological
fundamental class (if M 2k is non-orientable take Z=2-coe=cients) is a product of two-dimensional
classes. Then every foliation of M of codimension 1 has tangential category at least k.
Examples of such manifolds are symplectic manifolds. They admit codimension 1 foliations if and
only if their Euler number vanishes [15]. There are many other examples satisfying the conditions of
1.8 and admitting codimension 1 foliations, e.g. connected sums of s copies of CP2l−1 and s(l−1)+2
copies of S2l−1 × S2l−1.
1.9. Let Mn be a closed connected manifold such that some non-zero multiple of the cohomological
fundamental class is a product of one-dimensional classes. Then every foliation of codimension q
has tangential category at least [n=(q+ 1)].
Typical examples here are tori. In the last section we will improve the lower estimate for codi-
mension 1 foliations without holonomy on tori substantially by actually computing the tangential
category for codimension 1 foliations without holonomy on solvmanifolds.
2. Controlled simultaneous local parametrizations
Several constructions in this paper have to be done simultaneously for all foliations of Frp(M)
in a neighborhood of a given foliation in a way that the constructions vary continuously with the
foliations.
In this section, we describe parametrizations simultaneously for the foliations in a small open set
of Frp(M). This will also serve to 3x notation used for the rest of this paper.
We will denote the closed ball of radius b and center z in Rs by Dsb(z). If z = 0, we will simply
write Dsb.







for some b; c¿ 0, such that for every t ∈ LDn−pc the image of LD
p
b × {t} is contained in a leaf of F.
The set U will be called a foliation chart.
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Let F be a Cr+1-foliation on M , and let a∈M . To locally parametrize a neighborhood of a for
a suGciently small neighborhood V of F in Frp(M) we will always proceed as follows.







of F with ’(0; 0) = a. Then there exists a neighborhood W of F in F0p(M) such that for every
G∈W ∩ Frp(M) and every t ∈ LD
n−p




4 with the following properties:























(iii) For any t ∈ LDn−p3 the set {(x; gt(x)) : x∈ LD
p





4 through the point (0; t).
Clearly, g is uniquely determined by (i) and (iii), and we obtain for every G∈W ∩Frp(M) a local




2 ) de3ned by




2.1. De*nition. For any neighborhood V ⊆ W ∩ Frp(M) of F in Frp(M) the family {’ ◦ g :G∈V}
is called a simultaneous local parametrization of V .
Since M ⊆ RN we can measure the amount the tangent planes of G∈V Muctuate in Ug. For
convenience we like to restrict this Muctuation. This leads to the following notion.
A local Cr+1-parametrization ’ of F with corresponding foliation chart U and ’(0; 0) = a is
called controlled if for all y∈U , the orthogonal projection of RN to F⊥y maps F⊥a isomorphically
onto F⊥y . Here, Fy and Fa are the tangent planes of F in y and a, and for a linear subspace L
of RN its orthogonal complement in RN is denoted by L⊥.
If ’ is a controlled local parametrization of F then there exists a neighborhood W of F in
F0p(M) satisfying (i)–(iii) and
(iv) for every G∈W ∩Frp(M) and y∈Ug the orthogonal projection to G⊥y maps F⊥a isomorphically
onto G⊥y .
2.2. De*nition. A simultaneous local parametrization {’◦g :G∈V} of V is called controlled if (iv)
holds for every G∈V .
To a controlled simultaneous local parametrization of V and a choice of an orthonormal basis
e1; : : : ; eN−p of F⊥a we associate the map




3 )× RN−p × V → RN
which we now describe. For G∈V and y∈Ug let e1(y; g); : : : ; eN−p(y; g) be the orthonormal basis
of G⊥y obtained by orthogonally projecting the ei to G⊥y and applying the Gram–Schmidt process
to the resulting basis. Denote the isometry RN−p → G⊥y mapping the standard basis of RN−p
610 W. Singhof, E. Vogt / Topology 42 (2003) 603–627
to e1(y; g); : : : ; eN−p(y; g) by 4(y; g). Then we de3ne
3(w; u;G):=’ ◦ g(w) + 4(’ ◦ g(w); g) · u
for w∈ LDp3 × LD
n−p
3 ; u∈RN−p;G∈V .
Since the Gram–Schmidt process is analytic, every
3g:=3(−;−;G) : LDp3 × LD
n−p
3 × RN−p → RN
is Cr and 3 is continuous when V is considered as a subspace of F0p(M).
For G∈V; t ∈ LDn−p3 there exists 6¿ 0 such that the image of
3((−; t);−;G) : LDp3 × LD
N−p
6 → RN
is a tubular neighborhood of ’ ◦ g( LDp3 × {t}), a plaque of a leaf of G. Therefore:
2.3. De*nition. 3 is called the foliated tube map of the controlled simultaneous local parametrization
{’ ◦ g: G∈V} of V .
For each leaf L of a C2-foliation F on a smooth submanifold M of RN , the standard Riemannian
metric on RN induces a Riemannian metric on L. In particular, L is made into a metric space; we
denote the metric by
dL :L× L → R:
If M is closed, the following holds:
2.4. Lemma. For every real number K ¿ 1 there exists a 8¿ 0 and a neighborhood V of F in
F1p(M) such that for every G∈V ; every leaf L of G; and all pairs x; y∈L with dL(x; y)¡8; we
have
|x − y|6dL(x; y)6K |x − y|:
Proof. The inequality |x − y|6dL(x; y) is true for any points x; y in any immersed submanifold
L in RN . Therefore and since M is compact; it suGces to show: For each a∈M there exists a
neighborhood U of a in M; a 8¿ 0; and a neighborhood V of F such that for every G∈V ; every
leaf L of G; and all pairs x; y∈L ∩ U with dL(x; y)¡8; we have
dL(x; y)6K |x − y|




4 → M of F with ’(0; 0)=a. Let V be a neighborhood
of F such that there exists a simultaneous local parametrization {’ ◦ g|G∈V}. We put
U :=’(Dp1 × Dn−p1 )
which is contained in the image of all ’ ◦ g. One can choose 81 ¿ 0 with the following property: if
G∈V ; if L is a leaf of G; and if x; y are points of L ∩ U with dL(x; y)¡81; there exists a t such
that
x; y∈’ ◦ g( LDp2 × {t}):
It is then clear that one can choose 86 81 with the desired property.
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3. Uniform simultaneous tubular neighborhoods
As before, M is a C∞-manifold smoothly embedded in RN . To prove that an open set U ⊆ M
is F-categorical for some foliation F on M , we need to construct leafwise homotopies contracting
leaves of F|U to points. We 3nd it convenient to construct homotopies in the ambient RN using
its linear structure. To make these homotopies again leafwise, we need to push the paths of points
under the homotopy back into the leaves where they started from. To push a homotopy starting in
a submanifold L ⊆ RN and staying close to L back to L one would use a tubular neighborhood of
L in RN .
In our situation we are faced with three problems. The leaves of a foliation of M are, in general,
not submanifolds of RN . Also tubular neighborhoods in RN of nearby leaves intersect so one does
not know where to push to. Finally, we need to construct these push-back maps simultaneously for
an entire neighborhood of a foliation in Frp(M) such that the domain of these maps does not depend
on the foliations of this neighborhood.
The answer to these problems is contained in the following theorem which we prove in this
section.
3.1. Theorem. Let M be a closed C∞-manifold smoothly embedded in RN and let F be a Cr+1-
foliation on M; r¿ 1. For c¿ 0 denote by :(c) the set {(z; y)∈RN ×M : |z−y|¡c}. Then there
exist b¿ 0; a neighborhood V of F in F1p(M); and a map
 ::(b)× V → M
with the following properties:
(i) for each (z; y;G)∈:(b)×V ; the point (z; y;G) is contained in the leaf L(y;G) of G through
y;
(ii) for each (z; y;G)∈:(b)× V ; we have
|(z; y;G)− z|6 |y − z|;
(iii) for each G in V ; each leaf L of G; and each z ∈RN the map L ∩ DNb (z)→ M which maps y
to (z; y;G) is locally constant in the leaf topology of L;
(iv) for each G∈V ; the map
g:=(−;−;G) ::(b)→ M
is Cr;
(v)  is continuous if V is given the subspace topology of F0p(M).
Remark. (a) Compactness of M is not really necessary. Instead of a constant c one would have to
use a continuous c :M → (0;∞) and de3ne :(c) = {(z; y)∈RN ×M : |z − y|¡c(y)}. Important is
that c does not depend on G∈V .
(b) Property (iii) implies that (z;−;G) :DNb (z) ∩M → M depends locally only on the direction
transverse to G, while (i) and (ii) indicate that (z; y;G) projects z to a point of the leaf L(y;G)
“close” to z. In fact  will be constructed in such a way that for some plaque P of L(y;G) the
point (z; y;G) realizes dist(z; P).
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Before we begin with the proof we want to introduce more notation.
If A is a subset of a C1-submanifold L of RN and 6¿ 0, we de3ne the 6-tube of L over A as the
set
T (L; A; 6):={y + u: y∈A; u∈ (TyL)⊥; |u|6 6} ⊂ RN :
As before we denote by X⊥ the orthogonal complement in RN of the linear subspace X ⊂ RN .





≈→U ⊆ M is a local parametrization of a C1-foliation F, A ⊆ U , and if 6¿ 0,
we call the set
T (F; A; 6):=
⋃
t
T (Lt; A ∩ Lt; 6)× {t} ⊆ RN × Rn−p;
where the union is taken over all t ∈ LDn−pd , the foliated 6-tube of (U;F) over A. Here Lt is the leaf
’( LD
p
c × {t}) of F restricted to U . The idea here is to add LD
n−p
d as a parameter space to pull the
individual 6-tubes T (Lt; A ∩ Lt; 6), which intersect in RN , apart.
The tube T (L; A; 6) is called an 6-tubular neighborhood of L over A if the standard map (y; u) →
y + u from
{(y; u)∈A× RN : u∈ (TyL)⊥; |u|6 6}
to T (L; A; 6) is bijective. Finally, T (F; A; 6) is called a foliated 6-tubular neighborhood of (U;F)
over A if for all t ∈ LDn−pd the 6-tube T (Lt; Lt ∩ A; 6) is an 6-tubular neighborhood of Lt over Lt ∩ A.





≈→U ⊆ M be a controlled local parametrization of a
Cr+1-foliation F on M . Then there exists a neighborhood V of F in Frp(M) and an 6¿ 0 such
that
(i) V admits a controlled simultaneous local parametrization
{’ ◦ g : LDp3 × LD
n−p
3
≈→Ug ⊆ M |G∈V};
(ii) for every G∈V the foliated 6-tube of (Ug;G) over ’ ◦ g(Dp2 × Dn−p2 ) is a foliated 6-tubular
neighborhood; in fact; for each G∈V the map
 g : (D
p
2 × Dn−p2 )× DN−p6 → T (G; ’ ◦ g(Dp2 × Dn−p2 ); 6);
 g((x; t); u) = (3g((x; t); u); t)
is a Cr-di9eomorphism. Here; 3 is the foliated tube map associated to {’ ◦ g|G∈V} and
3g = 3(−;−;G). (See De7nition 2.3).




3 × DN−p6 →
RN × Rn−p by  g((x; t); u) = (3g((x; t); u); t) as in the lemma. Then the image of  g is the foliated
6-tube of (Ug;G) over Ug. We need to 3nd V; 6¿ 0 such for every G∈V the map  g restricted
to Dp2 × Dn−p2 × DN−p6 is injective. We will use the following version of the inverse function
theorem.
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Sublemma. Let h :Dsl → Rs be a Cr-map; r¿ 1; such that h(0) = 0 and the Jacobian dh of h is
non-singular in every point of Dsl. Let A1; A be the maximum of the norm of dh; (dh)
−1 on Dsl.
Then there exists a neighborhood W of Dsl=(A1A) such that h maps W di9eomorphically onto LD
s
l=A.
(See e.g. [7, Chapter I, exercise 2.3], for an outline of a proof.)
From this sublemma, we have the immediate corollary that for any 0¡ 28¡l=(A1A) there exists
a neighborhood B of h in C1(Dsl;Rs) and =¿ 0 such that for every h′ ∈B we have
(1) h′ :Ds28 → h′(Ds28) is a di2eomorphism,
(2) dist(h′(Ds8); Rs\h′(Ds28))¿=.





3 × {0}, we 3nd for every point w∈Dp2 × Dn−p2 numbers >w; 6˜w ¿ 0, a neighborhood
Vw ⊆ V of F in F1p(M), and =w ¿ 0 such that for all G∈Vw
(3)  g is injective on Dn2>w(w)× DN−p6˜w and
(4) dist(’ ◦ g(Dn>w(w)); M\’ ◦ g(Dn2>w(w)))¿=w.
Set 6w = min(=w=3; 6˜w). Then every point of  g(Dn>w(w) × DN−p6w ) has distance greater than 6w from
M\(’ ◦ g)(Dn2>w(w)).
By compactness, 3nitely many of the Dn>w(w) cover D
p
2 × Dn−p2 . Let 6 be the minimum of the
corresponding 6w and V be the intersection of the corresponding Vw. Then, for every G∈V , the
restriction of  g to D
p
2 × Dn−p2 × DN−p6 is injective.
Proof of Theorem 3.1. We 3x K with 1¡K ¡ 32 . By Lemma 2.4 we 3nd a 8¿ 0 and a preliminary
neighborhood V of F such that
(5) for every G∈V ; every leaf L of G; and all pairs x; y∈L with dL(x; y)¡8 we have
|x − y|6dL(x; y)6K |x − y|:
We now cover M with 3nitely many open sets Ui1; i = 1; : : : ; q; where each U
i











≈→Ui ⊆ M of F. We further
require that for each i and t ∈Dn−p2 the diameter of ’i( LD
p
3 × {t}) in the leaf metric is less than 8.
For each i choose a neighborhood Vi ⊂ V of F and 6i ¿ 0 such that properties (i) and (ii) of
Lemma 3.2 hold and such that
(6) for all G∈Vi and t ∈Dn−p2 the diameter of ’i ◦ g( LD
p
3 × {t}) in the leaf metric is less than 8.
Let 6=min{61; : : : ; 6q} and V =
⋂q
i=1 Vi. Shrink V further, if necessary, to assure the existence of a
?¿ 0 such that
(7) for all i and all G∈V





For a∈M let Ia be the set of i with a∈Ui1. Choose ra ¿ 0 such that
(8) 6 ra ¡min{6; ?; 8} and
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Observe that (9) implies:
(10) if rc6 ra and DNra ∩ DNrc = ∅, then Ia ⊂ Ic.
By compactness, there exists a 3nite set A ⊂ M such that M ⊂ ⋃a∈A LDNra(a). Choose b¿ 0 such
that
(11) b¡min{ra: a∈A} and






Now let (z; y)∈:(b), i.e. y∈M; z ∈RN , and |z − y|¡b.
By (11), there exists a∈A with z ∈Dra(a), and, again by (11), we have |y − a|¡ 2 ra, so that
y∈⋂i∈Ia U i1 by (9).
Fix i∈ Ia. For G∈V we denote the leaf of the restriction of G to ’i ◦ g( LDp3 × Dn−p2 ) which
contains the point y by Li(y; g) and its intersection with ’i ◦ g(Dp2 × Dn−p2 ) by Li2(y; g).
Notice that by our choice of simultaneous local parametrizations Ui1 ⊂ ’i ◦ g(Dp2 ×Dn−p2 ) so that
y is contained in ’i ◦ g( LDp3 × Dn−p2 ).
Since |z − y|¡b¡ra and y∈Ui1 we have by (7) and (8)
dist(z;M\’i ◦ g(Dp2 × Dn−p2 ))¿?− ra ¿ 5 ra:
Therefore, there exists t ∈Li(y; g) such that |z − t| = dist(z; Li(y; g)) and for each such t we have
z − t ∈G⊥t and t ∈Li2(y; g). Since |z − t|6 |z − y|¡b and by (8) we have b¡6, the point z lies




There exists a point i(z; y; g)∈Li2(y; g) which is the unique point of Li(y; g) with
|z − i(z; y; g)|= dist(z; Li(y; g)|;
and this point is the basepoint of the 3ber of the 6-tubular neighborhood of Li2(y; g) containing z.
Since |z − i(z; y; g)|6 |z − y|¡ra und |z − a|¡ra we have by (9)
(12) i(z; y; g)∈DN2ra(a) ∩M ⊂ Ui1.
Clearly, the map (z; y;G) → i(z; y; g) satis3es properties (i)–(v) of Theorem 3.1 on the set DNra(a)×
(DNra(a) ∩M)× V . (For (iv) and (v) use Lemma 3.2).
Let i; j∈ Ia and assume that i(z; y; g) = j(z; y; g). Then j(z; y; g) cannot be contained in Li2(y; g)
for otherwise the 3bers of the 6-tube over j(z; y; g) and i(z; y; g) would intersect in z. But j(z; y; g)
and i(z; y; g) lie in the same leaf L(y) of G. There is a path in L(y) connecting these two points
by 3rst moving in Lj2(y; g) from 
j(z; y; g) to y and from there in Li2(y; g) to 
i(z; y; g).
By (5) and (6) these paths can be chosen to have length at most K |j(z; y; g)−y| and K |i(z; y; g)−
y|. Since |i(z; y; g)−y|; |j(z; y; g)−y|¡ 2b and K ¡ 32 , the length of the combined path is at most
6 b¡ 6 ra. Therefore, the leafwise distance between i(x; y; g) and j(x; y; g) is at most 6ra. But by
(12) i(x; y; g)∈Ui1, and we have observed that any path in L(y) from i(z; y; g) to j(z; y; g) has
to leave Li2(y; g). By (7) such a path has length greater than ? and by (8) ?¿ 6ra. Consequently,
i(z; y; g) = j(z; y; g) for all i; j∈ Ia.
We de3ne (z; y;G) for (z; y;G)∈:(b)× V as follows. Take any a∈A with z ∈DNra(a) and any
i∈ Ia. Then set (z; y;G):=i(z; y; g). We know that (z; y;G) does not depend on the choice of
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i∈ Ia. Now let a; c be points of A with z ∈DNra(a)∩DNrc (c). Without loss of generality we may assume
that rc6 ra. By (10) we have Ia ⊂ Ic, so we may choose i∈ Ic to lie in Ia. Therefore, (z; y;G)
does not depend on the choice of a. Since each i: DNra(a)× (DNra(a) ∩M)× V → M has properties
(i)–(v), we are done.
4. Approximating continuous tangential homotopies by di/erentiable ones
The aim of the present section is to show that, in the de3nition of tangential category, the tangential
contractions can as well be chosen to be smooth.
4.1. Theorem. Let F be a Cr+1-foliation of a compact smooth manifold M . If U is an open
tangentially contractible subset of M and V an open subset of U with IV ⊂ U then there exists a
tangential contraction of V of class Cr .
For the proof, we need the following lemma.
4.2. Lemma. Let F be a Cr+1-foliation of a compact smooth submanifold M of RN . Let X be
a compact smooth foliated manifold (possibly with boundary) and F :X × I → M a continuous
tangential homotopy such that the map x → F(x; 0) of X into M is of class Cr .
Then, for every 6¿ 0, there is a tangential homotopy G :X × I → M of class Cr with G(x; 0)=
F(x; 0) for all x∈X and |G − F |¡6.
Proof. Choose b¿ 0 as in Theorem 3.1. We obtain a Cr-map  ::(b)→ M where we write simply
 instead of (:; :;F). Let 0¡>¡min(b; 6=2) and take a smooth approximation H :X × I → RN
of F with |H − F |¡> such that H equals F on X × {0}. Then we can de3ne G by
G(x; t):=(H (x; t); F(x; t)):
It only remains to see that G is of class Cr . Since  is locally constant on leaves in the sec-
ond argument; we have; in a small parametrized neighborhood of a point (x0; t0) that G(x; t) =
(H (x; t); F(x; t0)). But; as already observed in the proof of Lemma 1.1; the transversal component
of F(x; t0) varies di2erentiably with x; whereas the tangential component does not matter. Hence G
is Cr .
Remark. The approximation lemma 4.2 has the usual re3nements which will be freely used in the
sequel.
Theorem 4.1 follows by applying the following lemma repeatedly:
4.3. Lemma. Let F be a Cr+1-foliation of a compact smooth submanifold M of RN . Let U be
open in M and F a continuous tangential contraction of U . Let K be a closed (F|U )-saturated







such that L ∩ W is connected for every leaf L of F|U (cf. Remark 1.2). Denote by K1 the
(F|U )-saturation of ’(Dp1 × Dn−p1 ). Finally; let V be an open subset of U with IV ⊂ U .
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Then there exists a continuous tangential contraction G of V which is of class Cr in a neigh-
borhood of (K ∪ K1) ∩ V .
Proof. Choose b¿ 0 and  ::(b)→ M as in the beginning of the proof of Lemma 4.2. Making U
slightly smaller; there is; by Lemma 4.2; a tangential homotopy H :U × I → M of class Cr with the
following four properties:
(1) H (x; 0) = x for all x∈U .
(2) H (x; t) = F(x; t) in a neighborhood of K × I .
(3) The approximation of F by H is so good that with the notations
f(x):=F(x; 1);
h(x):=H (x; 1);
L(U; x):= leaf of F|U through x;
Y (x):={h(y)|y∈L(U; x)} ∪ {f(x)};
Z(x):= convex hull of Y (x) in RN ;
we have; for all x∈U :
(a) Z(x)× Y (x) ⊆ :(b)
(b) (z; y) = (z; y′) for all z ∈Z(x); y; y′ ∈Y (x).
(4) The maps t → H (x; t) are constant in a neighborhood of 1 which is independent of x.
Now we proceed as follows: Denote by W˜ the (F|U )-saturation of W and let C:=’({0}× LDn−p2 ).
Let q : W˜ → C be the Cr+1-map with
{q(x)}= L(U; x) ∩ C:
We choose a smooth map B : I → I with B(t) = 0 near 0 and B(t) = 1 near 1 and a smooth map
 :U → I with  (x) = 1 near K1 and  (x) = 0 near U\W˜ . De3ne
S : W˜ × I → RN ;
S(x; t):=(1−B(t))h(x)+B(t) (x)h(q(x))+B(t)(1− (x))f(x); and extend S to a map S :U×I → RN
by
S(x; t):=(1− B(t))h(x) + B(t)f(x)
for x ∈ W˜ . We obtain a continuous map
S˜ : U × I → M;
S˜(x; t):=(S(x; t); f(x)):
The maps S and S˜ satisfy the following properties:
(5) S(x; 0) = H (x; 1) for all x∈U ;
(6) the map x → S˜(x; 1) is constant on the leaves of F|U ;
(7) for x near K and t ∈ I ; we have S˜(x; t) = h(x);
(8) S˜ is Cr in a neighborhood of K1 × I .
Hence; we obtain the required tangential contraction G by
G(x; t):=
{
H (x; 2t); for 06 t6 12 ;
S˜(x; 2t − 1); for 126 t6 1:
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4.4. Remark. Now that we know that tangential category of a C∞-foliation of a compact manifold
M can be de3ned using smooth tangential contractions; the arguments of [1] show immediately that
a lower bound for cat (M;F) is obtained by the cuplength of H ∗(F); the tangential cohomology of
F formed with; say; C∞-forms on M .
4.5. Example. Let G be a connected unimodular Lie group and  a discrete cocompact subgroup of
G. For an immersed subgroup P of G with Lie algebra p ⊂ g; consider the foliation F of M =\G
with leaves gP; g∈G. Then; as observed in [4]; we have a natural isomorphism
H ∗(F) = H ∗(p; C∞(M)):
Consider the inclusions
C ⊂ C∞(M) ⊂ L2(M):
The Hilbert space L2(M) splits as a direct sum of C and of its orthogonal complement which is
also invariant under the action of g. Hence, we see that the ordinary Lie algebra cohomology H ∗(p)
is contained in H ∗(F), and therefore
cat (M;F)¿ cuplengthH ∗(p): (1)
In particular, for a linear p-dimensional foliation F of the torus Tn, we 3nd (using in addition
Theorem 5.2):
cat (Tn;F) = p: (2)
Formula (2) will be rederived in Section 6 by di2erent methods which also will allow us in
Section 7 to improve (1) considerably in many cases.
4.6. Remark. By Lemma 1.1 and Theorem 4.1 we see that the de3nition of tangential category can
be extended from foliations on M to arbitrary subbundles of the tangent bundle TM : If F is such
a subbundle (say smooth; for simplicity) of dimension p; de3ne an open subset U of M to be
tangentially contractible if there is a smooth map F :U × I → M with the following properties:
(i) F(x; 0) = x for all x∈U .
(ii) (@F=@t)(x; t)∈FF(x; t) for all (x; t)∈U × I .
(iii) There is a sequence A1; A2; : : : of compact submanifolds (with boundary) of dimension n − p
of M which are transverse to F such that
F(x; 1)∈A1 ∪ A2 ∪ : : : for all x∈U:
The resulting number cat (M;F) reduces for the tangent bundle of a foliation to our previous
cat (M;F).
4.7. Example. Every foliation F of dimension 2 on S3 has by Novikov [11] a leaf T 2; hence (and
by Theorem 5.2) we have cat (S3;F) = 2. However; if F is the orthogonal complement of the
tangent bundle of the Hopf 3bration; it is easy to see that cat (S3;F) = 1.
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5. Tangential contractions of neighborhoods of transverse sets
Given a compact submanifold A of M which is transverse to the foliation F and of complementary
dimension, it is obvious that one can 3nd a neighborhood of A which is tangentially contractible. The
main purpose of the present section is to show that this remains true when A is the union of several
transverse manifolds. As usual, we have to do the construction simultaneously for all foliations in a
neighborhood of a given foliation.
5.1. Proposition. Let M be a closed n-dimensional submanifold of RN and F∈F1p(M). Let
A1; : : : ; Am be compact (n− p)-dimensional C1-submanifolds of M which are transverse to F. Let
Ci ⊆ Ai be a collar of the boundary of Ai and put A:=
⋃
i(Ai\Ci). Then there exists a neighborhood
V of F in F1p(M) and a neighborhood W of A in M such that W is tangentially contractible for
each G∈V .
Before turning to the proof, let us give a 3rst application of 5.1:
5.2. Theorem. Given a C2-foliation F of a closed manifold M; we have
cat (M;F)6 dimF:
Proof. As always; let dimM = n and dimF=p. Choose a smooth triangulation of M transverse to
F and so 3ne that the star of every vertex is contained in the range of a local parametrization of
F [14; Section 5]. For each open simplex B with dim B¿n − p we choose an open neigborhood
W (B) of B. We do it in such a way that
(a) W (B) is contained in the star of a vertex of B;
(b) W (B) ∩W (?) = ∅ if dim B = dim ? and B = ?.
(For example, we could take for W (B) the open star of the barycenter of B in the barycentric
subdivision of the triangulation; in Fig. 1 we choose for graphical clarity narrower W (B)’s.)
For 06 i¡p, let Ui be the union of all the W (B) with dim B=n−i. (In Fig. 1, we have n=p=2,
and U1 is shaded.) Then U0; : : : ; Up−1 are tangentially contractible because all their components are.
This part of the proof mimicks the usual proof of the fact that the ordinary LS-category of an
n-dimensional simplicial complex is not greater than n. But instead of having to proceed further
to cover open simplices dimension by dimension all the way down to zero we can stop now: by
Proposition 5.1, the (n − p)-skeleton admits a tangentially contractible neighborhood Up. Hence
U0; : : : ; Up form a categorical covering of M .
The proof of Proposition 5.1 decomposes naturally into two parts: In the 3rst part we describe
appropriate neighborhoods W and V , and in the second part, which is by far the more interesting
one, we construct a tangential contraction of W . The neighborhood W will turn out to be the union
of suGciently small tubular neighborhoods in M of neighborhoods of (Ai\Ci) in Ai. The 3bers of
these tubular neighborhoods are disks embedded in leaves. The idea for the tangential contraction is
harder to describe. Consider a leaf L′ of W contained in the leaf L of M . At 3rst, we contract L′
aGnely in the surrounding RN to a certain weighted barycenter of the intersection points of L with
all the Ai, the weighting depending on two parameters: the distance of the respective intersection
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Fig. 1.
point from the boundaries of the Ai’s and its distance from L′ as measured in the induced metric
in L. Then we apply Theorem 3.1 to transform this contraction into a tangential one. Fig. 3 at the
end of Section 5 illustrates the construction in a simple situation. Unfortunately, to make these ideas
rigorous is a bit tedious.








Part I: For a foliation G on M , a subset B of M , and an 6¿ 0, we set
W (G; B; 6):=
⋃
L
{y∈L| there exists x∈L ∩ B with dL(x; y)¡6}:











W (G; BD; 6):
Obviously, if B is a neighborhood of A in A′ and 6¿ 0, then W (F; B; 6) is a neighborhood of A in
M . Our searched-for W will be of the form W (F; B; 6) for small 6. To 3x 6 and V , we need the
next three lemmas which most readers will consider to be evident.
5.3. Lemma. There exists a neighborhood V of F such that the Ai are transverse to all G∈V
and such that the following holds:
(i) if B; B′ are open neighborhoods of A in A′′ with IB′ ⊂ B; then we have for su=ciently small 6
and all G∈V :
W (F; B′; 6=2) ⊆ W (G; B; 6);
(ii) if B is an open neighborhood of A in A′′ then; for su=ciently small 6 and every G∈V ; each
point of W (G; B; 6) has a neighborhood Z in W (G; B; 6) such that there is a continuous map
620 W. Singhof, E. Vogt / Topology 42 (2003) 603–627
Fig. 2. The images of W (F; N ′; 6=2) and W (G; N; 6) under ’−1.
> :Z → B with the following property: every z ∈Z is contained in the same leaf L of G as
>(z) and dL(z; >(z))¡6.
Proof. We can assume that m=1. Hence A′ is a manifold; C a collar in A′ and A=A′\C; A′′=A′\@A′.
Let a∈A′′. It suGces to show that there is a neighborhood V of F with the following properties:
(i’) if N; N ′ are suGciently small open neighborhoods of a in A′′ with IN ′ ⊂ N; then we have for
suGciently small 6 and all G∈V that W (F; N ′; 6=2) ⊆ W (G; N; 6);
(ii’) as (ii); but with B replaced by a suGciently small neighborhood N of a in A′′.





≈→U of F with ’(0; 0)=a.
We can assume that
’−1(U ∩ A) = ’−1(U ∩ A′) = {0} × LDn−p4 :
We call a neighborhood of a in A′′ suGciently small if it is contained in ’({0} × LDn−p2 ). Let V
be a neighborhood of F such that there exists a simultaneous local parametrization {’ ◦ g|G∈V}.
Looking at Fig. 2 and using Lemma 2.4, it is easy to see that one can make V suGciently small so
as to ensure (i’) and (ii’).
5.4. Lemma. There exists a neighborhood V of F and a c¿ 0 with the following property: if
G∈V ; if L is a leaf of G; if 16 i6m; and if x; y are two di9erent points of L ∩ Ai; then
dL(x; y)¿ c.
The proof of Lemma 5.4 is left to the reader.
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5.5. Lemma. There exists a neighborhood V of F such that the following holds: for every =¿ 0
there exists an 6¿ 0 such that for each a∈M; each G∈V ; and each leaf L of G containing a
there is > with 06 >¡= and
{x∈L | >¡dL(a; x)¡>+ 6} ∩ A′ = ∅:
Proof. Take V and c¿ 0 as in Lemma 5.4. Given =¿ 0; let 61:=min(c=2; =) and 6 = 61=(m + 1).
The ball {x∈L | dL(a; x)¡61} contains at most one point of each Ai; hence at most m points of
A′. Therefore; one of the m+ 1 annuli{
x∈L
∣∣∣∣ km+ 1 61 ¡dL(a; x)¡ km+ 1 61 + 6
}
;
k = 0; 1; : : : ; m; is disjoint from A′.
Now we can specify V and W : Choose V such that it has the properties of Lemmas 5.3 and 5.5
and that there is b¿ 0 and  ::(b) × V → M as in Theorem 3.1. We choose =:=b=2 in Lemma
5.5 and get a corresponding 6, say 66 =. Finally, we choose open neighborhoods B; B′ of A in A′
with IB′ ⊂ B and make 6 suGciently small in the sense of Lemma 5.3 (i) and (ii). Then we have in
particular:
W :=W (F; B′; 6=8) ⊆ W (G; B; 6=4) for all G∈V:
Part II: We want to show that W is tangentially contractible with respect to all G∈V . It is
suGcient to show that W (G; B; 6=4) is tangentially contractible with respect to G. So let us 3x
G∈V . It is convenient to use the language of multi-sets: a multi-set A in a set X consists of a
subset A0 of X and a map x → nx of A0 into N= {1; 2; : : :}. We call nx the weight of x and A0






To every leaf L of G, we want to associate a multi-set A(L) in L×I which describes how L intersects
the Ai. In particular, A(L) should tell whether L intersects Ai close to @Ai or not. Therefore, we 3x
once and for all continuous maps ’i :Ai → I with ’i(x)=0 for x∈ @Ai and ’i(x)=1 for x∈Ai ∩B.
The underlying set of A(L) is de3ned to be A(L)0:={(x; t)∈L× I | there exists i with x∈L ∩ Ai
and t = ’i(x)}, and the weight of (x; t) is the number of the i’s such that x∈L ∩ Ai and t = ’i(x).




1 for t6 6=2;
2− 2t=6 for 6=26 t6 6;
0 for 66 t:
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Fig. 3. W gets contracted to the dotted line. Leaves are vertical.
where the maximum is taken over all 3nite sequences Y =(yk; tk)k=0; :::; E in A(L)0 with y0 =x and
yE=y. By Lemma 5.5, this maximum is actually attained. The map G has the following properties:
(1) for 3xed x, there are only 3nitely many y∈L ∩ A′ with G(x; y) =0;
(2) if G(x; y) =0, then |x − y|¡=;
(3) 06 G(x; y)6 1 and G(x; x) = 1.
For x∈L ∩ A′, we can form the following element of RN :
3(x):=
∑
(y; t)∈A(L) G(x; y)y∑
(y; t)∈A(L) G(x; y)
:
Obviously, we have
(4) |x − 3(x)|¡=;
(5) if (x; 1) and (y; 1) are in A(L)0 with dL(x; y)6 6=2, then 3(x) = 3(y).
Now we de3ne a map
H :W (G; B; 6=4)× I → RN
as follows: for y∈W (G; B; 6=4) ∩ L and t ∈ I , choose x∈L ∩ B with dL(x; y)¡6=4 and let
H (y; t):=(1− t)y + t3(x):
Because of (5), it does not matter which x we take. By (4) and our choice of = and 6, we have
(6) |y − H (y; t)| ¡ b.
Finally, by Lemma 5.3 (ii), the map H is continuous. By (6), we can obtain a tangential homotopy
F : W (G; B; 6=4)× I → M
by putting
F(y; t):=(y;H (y; t)):
F is a tangential contraction since F(−; 1) is locally constant on the leaves of W (G; B; 6=4)
(Fig. 3).
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6. The upper semicontinuity of the tangential category
6.1. Theorem. For every p-dimensional C2-foliation F of a closed manifold M; there is a neigh-
borhood V of F in F1p(M) such that for all G∈V we have
cat (M;G)6 cat (M;F):
6.2. Example. As an immediate consequence of Theorem 6.1 (and Proposition 1.3 and Theorem
5.2) we get again that cat (Tn;F) = p for every linear p-dimensional foliation F of the torus.
One possibility to prove Theorem 6.1 would be to start directly from Theorem 3.1 and Proposi-
tion 5.1 and to work with arguments similar to those in Section 4. We choose instead to use
Theorem 4.1 combined with a little bit of ODE theory:
Of course it is suGcient to show the following: given an open subset U of M , a tangential
contraction F of U with respect to F, and an open subset W of U with IW ⊂ U , there is a
neighborhood V of F such that W is tangentially contractible with respect to all G∈V .
By Theorem 4.1, we may assume that F is C1. By Lemma 1.1 there are compact (n − p)-
dimensional C1-submanifolds A1; : : : ; Am of M which are transverse to F such that F(W; 1) ⊆
A1 ∪ · · · ∪ Am. By Proposition 5.1, it suGces to show:
6.3. Lemma. Let F∈F1p(M); let U be open in M and let F :U×I → M be a tangential homotopy
(with respect to F) of class C1 with F(x; 0) = x for all x∈U . Let 6¿ 0 and let K be a compact
subset of U . Then there exists a neighborhood V of F such that for every G∈V ; there is a
tangential homotopy G :U × I → M (with respect to G) with G(x; 0) = x for all x∈U and
|F − G| ¡6 on K × I:
Proof. We embed M in RN . For G∈F1p(M) and x∈M; let P(G; x) be the orthogonal projection of
RN onto Gx. Choosing a relatively compact tubular neighborhood of M in RN ; we can extend P to
a mapping
P :F1p(M)× RN → EndR(RN )
which is continuous with respect to the F0p-topology on F
1
p(M) and such that P(G; :) is C
1 and has
compact support. The F0p-topology can be de3ned by the metric
d0(G;G′) = max
x∈M ‖P(G; x)− P(G
′; x)‖:
Let us 3x for a while a point x0 ∈U and write ’(t):=F(x0; t). For G∈F1p(M); the initial-value
problem
 ˙ (t) =P(G;  (t))’˙(t);
 (0) = x0 (1)
has a unique solution  : I → RN . Since  ˙ (t)∈G (t), we know that  (t) is contained in the leaf of
G through x0. Since ’˙(t)∈F’(t), we have
’˙(t)− P(G; ’(t))’˙(t) = (P(F; ’(t))− P(G; ’(t)))’˙(t);
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for all G∈V . By Gronwall’s lemma, we have




for all t ∈ I . Let us make V smaller so that the right-hand side of (2) is less than 6 for all G∈V . All
this can be done uniformly for x0 in the compact set K . Now de3ne G :U×I → M by G(x0; t):= (t).
This 3nishes the proof of Lemma 6.3 and Theorem 6.1.
6.4. Example. Consider M = S2 × S1. Obviously; there exists a continuous map t → Ft of I
into F∞2 (M) such that F0 has leaves S2 × {z}; z ∈ S1; and F1 is obtained by glueing two Reeb
components D2 × S1. Then cat (M;F0) = 1 and cat (M;F1) = 2. This shows that the map
F → cat (M;F)
is not continuous.
7. Applications
The idea for all results in this section is simple. We look at foliations which can be approximated
by foliations containing closed leaves. Then by Theorem 6.1 the usual LS-category of these leaves
is a lower bound for the tangential category of the original foliation. If the category of one of these
leaves is equal to the dimension of the foliation, then by Theorem 5.2 the tangential category is
equal to the dimension.
Using this idea and Corollary 1.5 we also obtain a characterization of C2-foliations of
codimension 1 of category6 1 on closed manifolds.
Our 3rst application is the calculation of the tangential category of C2-foliations of codimension 1
without holonomy on special solvmanifolds. By a special solvmanifold we understand the quotient
G= of a simply connected solvable Lie group G by a lattice  such that G= is compact and the
algebraic hull of Ad() contains Ad(G), see [10]. Every nilmanifold is a special solvmanifold.
7.1. Theorem. Let F be a C2-foliation of codimension 1 without holonomy on an n-dimensional
special solvmanifold M . Then catF= n− 1.
Proof. By Sacksteder’s theorem [12]; F is topologically conjugate to a foliation de3ned by a closed
non-singular 1-form F on M . By abuse of notation we call this foliation again F. The 3rst de
Rham cohomology of M is equal to the space (g=g′)∗ of left invariant 1-forms of G which vanish
on g′; the Lie algebra of the commutator subgroup of G. Let G1; : : : ; Gq be a basis of H 1(M ;Z) ⊂
H 1(M ;R)=(g=g′)∗. Then for any neighborhood V of F in F1n−1(M) there exist integers D1; : : : ; Dq; E
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such that the foliation de3ned by F0 =
∑q
i=1 DiGi +E dh is contained in V . Here h is a function such
that F− dh is a real linear combination of the Gi. (This argument is taken from [16].) Furthermore;
the choices can be made so that (1=E)F0 is as close to F as desired. Therefore; F0 is non-singular
and de3nes a submersion p0 :M → S1. Since M is compact this is actually a 3ber bundle map.
Since F1 =
∑q
i=1 DiGi is nowhere vanishing and F1 and F0 are cohomologous; F1 de3nes a 3ber
bundle map p1 :M → S1 which is homotopic to p0 when both are considered as maps from M to
S1. Consequently; the 3bers F0 and F1 of p0 and p1 are homotopy equivalent (both are homotopy
equivalent to the covering space of M associated to the kernel of the map (p0)∗= (p1)∗ :1(M)→
1(S1):)
So by Theorem 6.1 we obtain
cat (F)¿ cat (F1):
Now, F1 = A=A ∩ , where A is the normal subgroup of G associated to a= ker (F1 : g→ R). Since
g′ ⊂ ker F1, the vector space a is actually an ideal of g.
A=A ∩  is an (n − 1)-dimensional K(A ∩ ; 1), and a closed (n − 1)-manifold. Therefore, by
Eilenberg and Ganea [5], cat (F1) = cat (A=A ∩ ) = n − 1. Since dimF = n − 1, we obtain from
Theorem 5.2 that cat (F) = n− 1.
We now come to the characterization of foliations F with cat (F)6 1 for certain codimension 1
foliations.
7.2. Theorem. Let F be a C2-foliation of codimension 1 on a closed manifold M of dimension
n¿ 3. Then catF6 1 if and only if the leaves of F are the 7bers of a homotopy sphere bundle
over S1.
Proof. Clearly; a locally trivial topological homotopy-sphere bundle over S1 considered as a foliation
has tangential category equal to 1.
Conversely, by Corollary 1.5, F is topologically conjugate to a foliation F′ with simply con-
nected leaves de3ned by a closed nowhere vanishing 1-form of class C2. Applying again Tischler’s
approximation argument used in the proof of Theorem 7.1 the foliation F′ can be approximated
by foliations G whose leaves are 3bers of a locally trivial bundle over S1. If G is close enough to
F′ we obtain from Theorem 6.1 that cat (G)6 1. Since any closed manifold of category6 1 is a
homotopy sphere, the 3bers of G are homotopy (n − 1)-spheres. It follows that rankH 1(M) = 1.
Now, F is a locally trivial 3ber bundle if for a leaf L of F the quotient 1(M)=1(L), which is
known to be free abelian of positive rank, has rank 1 [6, IV. 2.7 Corollaire].
7.3. Remark. Together with our previous results; Theorem 7.2 allows to determine the tangential cat-
egory of all C2-foliationsF on compact manifolds M of dimension6 3 (except for three-dimensional
foliations of three-manifolds):
(i) if dimF= 1; then cat (F) = 1;
(ii) if dimF= 2; then cat (F) = 2 unless F consists of the 3bers of a locally trivial S2-bundle.
Our 3nal application concerns suspensions. Since no new idea enters, we will be brief.
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One begins with a closed smooth p-manifold B and a homomorphism F :1(B)→ Di2 r(F), where
F is a closed smooth (n−p)-manifold. Then = 1(B) acts on the product B˜× F of the universal
cover B˜ of B and F preserving the horizontal foliation F˜ given by the levels B˜ × {t}; t ∈F .
The quotient manifold M = B˜ × F= is an F-bundle over B and F˜ pushes down to a Cr-foliation
F=F(B; F) transverse to the 3bers of the F-bundle. The pair (M;F) is called the suspension of
(B; F).
For our purposes it is best to start with B being a K(; 1). Then for every t ∈F the leaf Lt of F
through t (here we identify F with the 3ber over the basepoint of B) is a K(t; 1) where t ⊂  is
the isotropy group of t. Then by Eilenberg and Ganea [5], the cohomological dimension of Lt , i.e.
the smallest q such that for any i¿q and any local coeGcient module A the group Hi(Lt; A) = 0,
is a lower bound for cat (Lt), which in turn is a lower bound for cat (F). In particular, if t has
3nite index in , then Lt is closed and cat Lt = p, which is maximal.
If r¿ 2, we only need to 3nd arbitrarily close to F foliations F′ containing leaves of large
category. Here is a simple example.
Again take the closed p-manifold B to be a K(; 1), let rank H 1(B;Z)= rank Hom(;Z)=q¿ 1,
and let F1; : : : ; Fq be a basis of H 1(B;Z). Choose real numbers D1; : : : ; Dq and de3ne an action of 
on H 1(B;R) by letting x∈  map y∈H 1(B;R) to y +∑qi=1(Fi(x)Di)Fi.
This action induces an action F of  on the q-torus H 1(B;R)=H 1(B;Z). Let F be the associated
suspension. Since the action can be approximated by one where all the Di are rational, F can be
approximated by a suspension F′ with all leaves compact. It follows that catF= dimF= p.
It is easy to 3nd closed aspherical p-manifolds B with high-dimensional H 1(B;R). Seifert 3brations
with aspherical base and aspherical typical leaves are examples.
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